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                          Schrödinger equation  

ĤΨ = EΨ  

(Ĥ = Hamiltonian operator E = energy value Ψ  = electronic wave 
function)  

 

Multiple each side by Ψ and then integrate over all space  

 

                  ∫ ΨĤΨ dτ = ∫ ΨEΨ dτ 

                        𝐸 =
∫  𝛹Ĥ𝛹 𝑑𝜏

∫  𝛹𝛹 𝑑𝜏
  

 

  If consider a diatomic molecule with LCAO,  𝛹𝑀𝑂  =  𝑐1𝜑1  +  𝑐2𝜑2 

                      E = 
∫  (𝑐1𝜑1 + 𝑐2𝜑2)Ĥ(𝑐1𝜑1 + 𝑐2𝜑2 ) 𝑑𝜏

∫ (𝑐1𝜑1 + 𝑐2𝜑2)2 𝑑𝜏
 

𝐸 =
∫  (𝑐1𝜑1Ĥ𝑐1𝜑1  +  𝑐1𝜑1Ĥ𝑐2𝜑2  + 𝑐2𝜑2Ĥ𝑐1𝜑1  +  𝑐2𝜑2Ĥ𝑐2𝜑2) 𝑑𝜏

∫  (𝑐1
2𝜑1

2    +  2𝑐1𝜑1𝑐2𝜑2  +  𝑐2
2𝜑2

2) 𝑑𝜏
 

 

𝐸 =
𝑐1

2𝐻11  +  2𝑐1𝑐2𝐻12  +  𝑐2
2𝐻22

𝑐1
2𝑆11  +  2𝑐1𝑐2𝑆12  +  𝑐2

2𝑆22

 

Overlap Integral  

∫ 𝜑1 𝜑2𝑑𝜏 =  𝑆12  
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Coulomb Integral and Resonance Integral  

 

     ∫ 𝜑𝑖 𝐻𝜑𝑗  𝑑𝜏 = 𝐻𝑖𝑗   𝐻𝑖𝑗 = 𝛼 (𝑖 = 𝑗) Coulomb Integral  

 𝛽(𝑖 ≠ 𝑗) Resonance Integral  

The Coulomb integral α gives the energy of an electron occupying the orbital ϕi 

in the isolated atom  i . α is always negative and its absolute value increases 

with the electronegativity of i. 

Resonance Integral , an intregal that determine energy of a electron in the field 

of  two atom i and j involving the orbital φi and  φj    

                     

 

 

 

Solving , secular determinant 
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Ethylene 
 

 

 

 

  

 

 

 

 𝑥 =
𝛼−𝐸 

𝛽
 

 

    

 

 

𝑥2  –  1 =  0 

𝑥 =  ±1 

𝑥 =  ±1 

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑖𝑛𝑡𝑜 𝑥 =
𝛼−𝐸 

𝛽
  

𝐸1  =  𝛼 +  𝛽 

𝐸2  =  𝛼 −  𝛽 

 

 

 

𝑇𝑜𝑡𝑎𝑙 𝜋 𝑒𝑛𝑒𝑟𝑔𝑦 Eπ = 2α + 2β                   Energy level diagram for Ethylene
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Cyclobutadiene 

 

 

 

 

 

secular determinant 

 

 

   

  

 

 

                     

 

 

  

 

 

 

 

  

 

𝑋 = −2 , 𝐸1 = 𝛼 +  2𝛽   

𝑋 = 0,    𝐸2 = 𝐸3 =  𝛼 

𝑋 = 2,            𝐸4 = 𝛼 −  2𝛽  
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The two energy levels  E2 and E3 are degenerate (doubly degenerate 

non-bonding levels). 

 

The Hückel energy level diagram for cyclobutadiene  is shown below 

 

 

 

 

 

 

 

 

𝑇𝑜𝑡𝑎𝑙 𝜋 𝑒𝑛𝑒𝑟𝑔𝑦 (𝐸𝜋)  =  2(𝛼 +  2𝛽)  +  2𝛼 =  4𝛼 +  4𝛽  

 

𝐷. 𝐸 =  𝐸𝜋  −  𝐸𝑒𝑡ℎ𝑦𝑙𝑒𝑛𝑒 =  4𝛼 +  4𝛽 −  4𝛼 −  4𝛽 =  0  

 

 

 

1, 3- butadiene 

                                     CH2= CH-CH= CH2 

 

secular determinant of 1, 3- butadiene 
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𝑥4  –  3𝑥2  +  1 =  0  

𝑥 =  1.618, −0.618, 0.618, +1.618  

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑖𝑛𝑡𝑜 𝑥 =
𝛼 − 𝐸 

𝛽
  

𝐸1 =  𝛼 +  1.618𝛽  

𝐸2 =  𝛼 +  0.618𝛽   

𝐸3 =  𝛼 −  0.618𝛽   

𝐸4 =  𝛼 −  1.618𝛽  

 

 

 

Energy level diagram for 1, 3- butadiene 
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𝑇𝑜𝑡𝑎𝑙 π electron energy 

𝐸𝜋 =  2(𝛼 + 1.618𝛽) +  2(𝛼 + 0.618𝛽)  

𝐸𝜋 =  4𝛼 +  4.48𝛽  

𝐷. 𝐸 =  (4𝛼 +  4.48𝛽 ) − (4𝛼 + 4𝛽)  =  0.48𝛽  

 

 

 

Benzene 
 

 

  

 

 

 

secular equation for benzene 
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          𝑥 = ±1, ±1, ±2  

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑖𝑛𝑡𝑜 𝑥 =
𝛼 − 𝐸 

𝛽
 

𝐸1 = 𝛼 + 2𝛽 

𝐸2 = 𝐸3 = 𝛼 + 𝛽 

𝐸4 = 𝐸5 = 𝛼 − 𝛽 

𝐸6 = 𝛼 + 2𝛽 

 

 

Energy level diagram for Benzene 

 

 

 

 

 

 

 

 

 

𝑇𝑜𝑡𝑎𝑙 𝜋 𝑒𝑛𝑒𝑟𝑔𝑦 𝐸𝜋 =  6 𝛼 +  8 𝛽 

D.E =2𝛽 
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Energy of cyclic and acyclic planar systems 

 


